ABSTRACT. Let k be any imaginary abelian field, R the integral group ring of G == Gal(k/Q), and S the Stickelberger ideal of k. Roughly speaking, the relative class number h -of k is expressed as the index of S in a certain ideal A of R described by means of G and the complex conjugation of kj c-h-== [A : S), with a rational number c-in ~N == {n/2;n EN}, which can be described without h-and is of lower than h-if the conductor of k is sufficiently large (cf. [6, 9, 10); see also [5] ). We shall prove that 2c-, a natural number, divides 2([k: Q)/2)lk: Q1/2. In particular, if k varies through a sequence of imaginary abelian fields of degrees bounded, then c-takes only a finite number of values. On the other hand, it will be shown that c-can take any value in ~N when k ranges over all imaginary abelian fields. In this connection, we shall also make a simple remark on the divisibility for the relative class number of cyclotomic fields.
THEOREM. In general, 2c k is a natural number dividing 2([k Q]j2)[k
This is verified as a consequence of basic results in [4 and 10] . It might be of some interest that the proof of the Theorem also leads us to the following:
COROLLARY. Let n be any natural number. For each x> 0, let c(x) denote the number of cyclotomic fields with conductor S; x and c (x) the number of cyclotomic fields K with conductor S; x such that h"K is divisible by n. Then the ratio c(x)/c(x) coverges to 1 as x goes to infinity: . c(x)
hm -( ) = l.
x--->oo c x We note here that the above corollary is a simple analogue of Gerth's asymptotic result for class number divisibility in cyclotomic fields and in their maximal real subfields (cf. Theorem 1 of [3] ), which follows from the results of Cornell and Washington [2] .
In conclusion, the second author wishes to thank Professor K. Iimura for introducing him to the study in this paper and is also grateful to his teacher, Professor M. Ishida, for valuable advice.
1.
For each natural number m, let Km denote the cyclotomic field of mth roots of unity. Let k be an abelian field. Let 6(k) denote the group ring of Gal(k/Q) over Q, so that the group ring R(k) of Gal(k/Q) over 7L is a lattice in the Q-vector space 6(k). We write !k and Jb respectively, for the conductor of k and for the product of all prime numbers ramified in k. Let p be any prime number and t the rational integer::::: 0 such that pt is the highest power dividing !k. Then there exists a unique prime ideal p of Kpt dividing p, which is unramified in K ik. We define (~) to be the restriction to k of the Frobenius automorphism of p for the extension Kik/Kpt. Let T(p, k) denote the inertia group of p for k/Q and let, in 6(k),
Here, for any finite set H, IHI denotes the cardinality of H. We note that, if pis unramified in k, then (p,k)* = (~)-1 and (~) is nothing but the Frobenius automorphism of p for k/Q. Let n be any natural number dividing Jk and let T(n, k) denote the compositum in Gal(k/Q) of the inertia groups T(q, k) as q varies through the prime numbers dividing n. We then also put
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use in 6(k). Regarding 6(k) as an R(k)-module in the obvious manner, we define U(n, k) to be the R(k)-submodule in 6(k) generated by the elements
for all natural numbers u dividing n, with v in the above product ranging over the prime numbers that divide n/u. It is known that U(n, k) becomes a lattice in 6(k).
In general, let X and Y be any lattices in a finite dimensional vector space V over Q. Then there exists a Q-linear automorphism r of V such that r(X) = Y. We denote by (X: Y) the absolute value of the determinant of r, which does not depend on the choice ofT. Note that, if X ;;2 Y, then (X: Y) is equal to the index
Let a be any element in 6(k) and m a natural number dividing n, so that aU(m, k) and aU(n, k) are lattices in a6(k). It follows from [10] that (aU(m, k):
is a natural number. Now, let k be imaginary and let
Theorem 2.1 of [10] then states that
Moreover we have the following
PROOF. We start the proof with the identity
, where the sum is taken over the natural numbers u dividing lk, with v ranging over the prime divisors of lk/u. Note, in the above, that
Consequently, we obtain the following element in e k U(k):
On the other hand, 
2.
We shall show some lemmas for the proof of the Theorem.
LEMMA 1 (CF. [4, 10] 
Taking the restriction map p: Gal(K/Q) --+ Gal(k/Q), we then have
Now, assume that (e;; R(k) : e;;U(k)) = 2 and p > 2. Then jk i T(q, k), i.e.,
p(jp) =F 1; T(p, K) is a cyclic group, and it follows that jp, the only element of order 2 in T(p, K), is not in the kernel of the surjective homomorphism pi T(p, K) : T(p, K) --+ T(p, k). Hence the ratio IT(p, K)I/IT(p, k)1 is an odd integer. A similar argument shows that IT(q, K)I/IT(q, k)1 is also an odd integer. On the other hand,
Since p(J~), pUq), and jk are the elements in Gal(k/Q) of order 2, it follows that
is odd, and consequently that the integer [kK 2.:
is an odd integer. Furthermore, since jk ~ T(q, k), the inertia field of q for k/Q is imaginary and, hence, there exists a character in X k with conductor a power of 2. We then obtain Qk = 2 again from Satz 26 of [4J. The proof of (i) is now completed.
Because
Hence, for the proof of (ii), we may assume that
In such a case, there exists a prime of k+ ramified in k and lying above an odd prime E {p, q}. Note that k does not contain A since any prime of k+ above an odd prime is unramified in k+ ( A). Then Satz 22 of [4) shows Qk = 1, so that c k = 1 (see also Satz 19 of [4] ).
To prove (iii), let u be the natural number such that 2 u II (q-1), i.e., 2 U IIIT(q, K)I. Thus we have proved all assertions of the lemma. 
PROOF. As jk E T(p, k) implies e k s(T(p, k)) = 0, this lemma follows immediately from the definitions of U(r, k) and U(rp, k).

LEMMA 5. Let k be an imaginary abelian field such that Gal(k/Q) is the direct product of inertia groups, for k/Q, of all prime numbers ramified in k. Then (i) For a natural number r dividing A, (e k R(k) : ekU(r, k)) = 1 unless jk lies in T(r, k).
(
ii) If jk lies in T(p, k) for some prime number p, then (e k R(k)
PROOF. The arguments in [9, § §5, 6] provide the proof of (i). Assume now that there exists a prime number p for which jk
It is easy to see Qk = 1 from Lemma 3. Thus (ii) of the lemma is proved.
REMARK 3. Let k be as in Lemma 5. The proof of the Theorem in [9] implies that, if jk is not in T(r, k) for any natural number r dividing Jk and less than Jk,
LEMMA 6. Let k be an imaginary abelian field in which exactly three distinct prime numbers are ramified. Then (e k R(k)
PROOF. Let I be any odd prime, L the highest power of I dividing (e k R(k) : ekU(k)), and k' the maximal subfield in k of I-power degree. Theorem 5.2 of [10] then states that
where the product is taken over the characters X in X k of order prime to 1 and, for each such X, mx denotes the product of prime numbers P ramified in k' such that X(p) = 1. However, in the above, each X is not principal, so that the number of prime numbers dividing mx is less than 3. Therefore L = 1 by Proposition 5.2 of [10] . This means that (e k R(k) : ekU(k)) = 2t for some rational integer t ~ o. Now, let P1,P2,P3 be the prime numbers ramified in k. For simplicity, we put
Then, again by Proposition 5.2 of [10] , (e k R(k) : ekU(k)) = d1d2. Lemma 4 says that, if jk E T, then d1 = 1; while we see easily that, even if jk fj. [10, 5] 
Hence, by Proposition 5.2 of [10] and Lemma 8,
Thus Lemma 9 is proved. 
Let us now begin to prove our
QK = 2. Since jK E T(2, K)nT(p, K), (ej(R(K) : ej(U(K)) = 1 by Proposition 5.2
of [10] and Lemma 4, so that cj( = ~. This fact, Lemma 5, and Lemma 9 verify the second part of (iii). The assertion (iv) will be obtained from the following lemmas (in particular, Lemmas 11, 12), Proposition 2, and above-mentioned Remark 2.
LEMMA 10. Let K be an imaginary abelian field. Assume that K is a compositum of its subfield k and k'; K = kk', and that all prime numbers ramified in k are completely decomposed in k'. If furthermore k is real, then (eKR(K) : eKU(A, K)) = (R(k) : U(k))fK:kJ/2.
PROOF. It follows from the assumption that ik is prime to ik'. Hence Gal (K / Q) is the direct product of TUk' K) ~ Gal(k/Q) and TUkl, K) ~ Gal(k' /Q), so that we have a canonical Q-linear isomorphism rJ:
The lemma now follows from these isomorphisms. We also have QK = 1 by Lemma 3. 
4.
To prove the corollary, we prepare the following lemma.
LEMMA 14. Let K / F be an extension of imaginary abelian fields, with F containing an imaginary root of unity. Then [A(F) : S(F)lI[A(K) : S(K)].
PROOF. For any imaginary abelian field k, let
Since R(k)-~ A(k) and et A(k) = !s(Gal(k/Q))l, it follows from Lemma 6.1 of
Hence [A(k) : S(k)] = [R(k)-: S(k)-] if and only if there exists a
Now, let F' be an imaginary cyclotomic field contained in F. Then Theorem 3.1 of [9] and Theorem 2.1 of [10] 
for some (3 E S(F'). Applying to both sides the corestriction map t:
we have Let p be any prime number and let Cp denote the set of cyclotomic fields with conductor divisible by p and by three distinct prime numbers == 1 (mod 16np).
Take a cyclotomic field kin Cp such that lk/p is a product of three distinct prime numbers == 1 (mod 16np). Theorem 5.4 of [10] K is a cyclotomic field in Cpo For each x > 0, let dp(x) denote the number of cyclotomic fields, not lying in Cp , with conductor divisible by p and not larger than X. Obviously dp(x) does not exceed the number of natural numbers::; x/p divisible by at most two distinct rational primes == 1 (mod 16np). Hence, by means of asymptotic formulae in analytic number theory, we can see that
as x ---. 00 (see, e.g., [3] ). it then follows from (2) that
This completes the proof.
737
REMARK 5. The above proof is essentially based upon the analytic class number formula for abelian fields.
We have used, in the proof of the Corollary, a simple fact on the divisibility for the relative class number of a cyclotomic field. Let us add in passing a similar but somewhat stronger fact as follows: PROPOSITION 2a divides u(p -1) ).
PROOF. Indeed class field theory (together with genus theory and the ambiguous class number formula) provides an algebraic proof of the proposition (see, e.g., [1] ) but, in the following, we deduce the proposition from some consequences, in [4, 8, 9] , of the analytic class number formula.
Again by Lemma 5 of [8] , we may assume that K = lKupq. Let I be any prime number dividing (q -1)/2, and e the natural number such that Ie II (q -1)/2. It suffices to show that
where
, and hence a = 1, = 0, otherwise.
For each character X in X K, we let
the sum taken over the natural numbers x ::; upq prime to pq. Let X be the set of odd primitive Dirichlet characters with conductor upq. Then the analytic class number formula implies
Each 8(X) in the above is known to be an algebraic integer (cf. [4, §28] Assume next that ¢ is of order u(p -1), so that a = 1. In the case where 1 =f:. p or e ~ 2, (6) is easily verified and so is (7). Thus we have (9) II ( II 8(¢II1/J')) = 0 (mod lc,o(P-l)), II II 8(¢"'1//) == 0 (mod p'P(P-I)-I), </>" ""EW,
with ¢" running over the characters in q, of order p -1.
Since the disjoint union U!= I { ¢' '1//; ¢' E q" '1// E 'Ill tl is contained in X, (3) follows from (4), (8), (9), and (10). The proposition is thus proved. REMARK 6 . Class field theory also shows that there exists a subgroup H of the ideal class group of K such that H is isomorphic as a group to (lj((q -l)j2)l)u(p-I)/2a-1 and such that a iK = a-I for all a in H.
